We establish a quantitative relation between Hardy's paradox and the breaking of uncertainty principle in the sense of measurement-disturbance relations in the conditional measurement of noncommuting operators. The analysis of the inconsistency of local realism with entanglement by Hardy is simplified if this breaking of measurement-disturbance relations is taken into account, and a much simplified experimental test of local realism is illustrated in the framework of Hardy's thought experiment. The essence of Hardy's model is identified as a combination of two conditional measurements, which give rise to definite eigenvalues to two non-commuting operators simultaneously in hidden-variables models. Better understanding of the intimate interplay of entanglement and measurement-disturbance is crucial in the current discussions of Hardy's paradox using the idea of weak measurement, which is based on a general analysis of measurement-disturbance relations.
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I. INTRODUCTION
A thought experiment [1] and an explicit theoretical model [2] of Hardy propounded a paradox which characterizes Einstein-Podolsky-Rosen phenomena without referring to Bell and Clauser-Horne-Shimony-Holt (CHSH) inequalities [3, 4] . The thought experiment is based on an appealing experimental setting and it motivated many experimental analyses [5] - [13] . In one of the experimental tests of the paradox [11] , the conditional probability such as P (U 1 |D 1 D 2 ), namely, first measure D 1 D 2 and then measure U 1 , appeared as an essential ingredient; here we use the notational conventions of the theoretical model of Hardy [2] which is explained in detail later in Section 3. The important property to be mentioned here is that D 1 and U 1 are not commuting. It is known that the conditional measurement of two non-commuting operators is closely related to uncertainty principle in the sense of measurement-disturbance relations. Also, Hardy's paradox is often discussed in connection with the idea of "weak measurement" [14] , and the general analysis of measurement-disturbance relations is the main subject of weak measurement [15] . We are thus motivated for an examination of the interplay of entanglement and measurement-disturbance in Hardy's model.
In quantum mechanics, entanglement and uncertainty principle are two logically independent notions in the sense that entanglement can in principle be quantified without spoiling uncertainty principle; for example, using Heisenberg's uncertainty relation in the manner of Kennard [16] one can derive a general necessary condition for separability of two-party systems with one continuous freedom in each party [17] . This condition, which is valid for general mixed states, leads to the well-known necessary and sufficient separability condition when applied to two-party Gaussian systems in quantum optics [18] . In contrast, Bell-CHSH inequalities are based on hiddenvariables models (local realism), which do not satisfy all the properties of quantum mechanics, and thus it is not obvious if uncertainty principle is preserved in such models. Hardy's model also depends on hiddenvariables models in an essential manner, and thus his model could spoil uncertainty principle. In fact, we are going to show that Hardy's model induces the breaking of uncertainty principle in the sense of measurementdisturbance relations in the conditional measurement of non-commuting operators. It is, however, important that his analysis of the inconsistency of local realism with entanglement is simplified if this breaking of measurementdisturbance relations is taken into account, and a much simplified experimental test of the conflict of local realism with quantum mechanics is illustrated using Hardy's thought experiment. A general difficulty of hiddenvariables models to describe the conditional measurement of non-commuting operators is also illustrated using the simplest hidden-variables model in d = 2 proposed by Bell [19] .
In our main analysis, we use the hidden-variables model in d = 4 (local realism) that belongs to the same class of models as in the original paper of Bell [3] which is non-contextual and local (i.e., a non-contextual model applied to two far-apart parties) [20] , although due care needs to be exercised in the treatment of non-contextual hidden-variables models in the Hilbert space with dimension d = 4 [21, 22] .
II. THOUGHT EXPERIMENT
We start with a review of Hardy's thought experiment [1] . The state (eq.(9) in [1] ),
defines an entangled state generated by a quantum mechanical elimination of |u + |u − from a separable state Further applications of beam splitters in [1] introduce unitary transformations in each party separately and thus provide various detector states for each particle separately;
for the electron, and
for the positron, respectively. But the physical state is always given by the initial state |ψ in (1). The locality requirement means that C − (0) and D − (0) in (2) are completely independent of C + (0) and D + (0) in (3). The measurements are performed by applying various detector states to the entangled initial state |ψ . The initial state |ψ in (1) is rewritten in terms of various different sets of states in [1] , but the physical content is the same as the state |ψ in (1) . Note that the notion of reduction, namely, the change of the state by measurement is not incorporated in a theory based on local realism.
Starting with (1), we find in the notation of Hardy with λ standing for hidden-variables [1] ,
The bold rightarrow indicates "inevitably implies" or "their existence is inferred on the basis of predictions of probability equal to 1". The general notational conventions are: C ± (∞, λ) and C ± (0, λ) are the measured results (in hidden-variables models) of projection operators C ± (∞) = |u ± u ± | and C ± (0) in (2) and (3) for the state |ψ in (1), respectively. Similarly, D ± (∞, λ) and D ± (0, λ) specify the measured results of projection operators (2) and (3) for the state |ψ in (1), respectively.
The first relation C + (∞, λ)C − (∞, λ) = 0 in (4), for example, shows that we have no state
where the left-hand side shows the measurement of |ψ by C + (∞) and the right-hand side shows the state to be measured by D − (∞). It is confirmed that the relations in (4) do not lead to any paradox.
Following the analysis in [1] , we further find (5) where we used the relation (4) in the second step, and similarly
The relation (5) is confirmed by noting [(|v
where the left-hand side shows the measurement of the state |ψ by D − (0) and the right-hand side shows the state to be measured by C + (∞), and similarly the relation (6) is confirmed. It is known that C + (∞, λ)C − (∞, λ) = 0 in (4) and the relations (5) and (6) combined with D − (0, λ)D + (0, λ) = 0 give rise to a paradox [1] .
The relation (5),
when translated into the quantum mechanical language, implies a statement
which is a contradiction, since
with c = TrD
in the present case. The prediction (8) is another logical inconsistency (paradox) between quantum mechanics and local realism. The prediction (5) of local realism is also written as
Namely, the null result of D − (∞) = |v − v − | before the beam splitter which determines the state to be measured, (2), inevitably implies the null result D − (0, λ) = 0 for the state |ψ in (1). Obviously, this is wrong in quantum mechanics due to the reduction of states by measurement, as is seen in the state |ψ in (1); the null result of
which obviously has non-vanishing overlap with D − (0) in (2) . This may be experimentally tested using the technique of weak measurement [14] . Theoretically, an equivalent statement of (11) is thatD
while quantum mechanically the right-hand side of (12) should be TrD
, and this provides a way alternative to (8) to realize the inconsistency with quantum mechanics. It is important to recognize that both of these tests, (8) and (12), are based on the consideration of only two-steps of measurements instead of four-steps in the original analysis of Hardy.
The relation (9) 
after the measurement of
while σ i (D − (∞)) = 0 for the initial state with D − (∞)|ψ = |ψ . We thus call the relation (9) as a manifestation of the measurement-disturbance relation in the present study. We also note that the quantity, − log c, characterizes the lower bound of entropic uncertainty relation [23] which is state-independent; note that the original relation of Heisenberg, δqδp ∼ , is stateindependent. An interesting analysis of the relation between entropic uncertainty relations and non-locality is found in [24] .
Starting with a system without any paradox (4), one generates a paradox related to entanglement [1] by local operations. From a point of view of local parties, those local operations lead to the violation of measurementdisturbance relations in the sense of (8) or (12) in hiddenvariables models (local realism).
III. HARDY'S MODEL
We next recapitulate the concrete model of Hardy [2] and show in a more explicit manner that the conflict with uncertainty relations in the sense of measurementdisturbance relations is involved. The model consists of the physical projection operators
with i = 1, 2, and
for the entangled state of two far-apart qubits,
with α 2 +β 2 = 1. The concrete physical meaning of these qubits is not important. Note that the state |ψ here has no direct connection with the state in (1), although we use the same generic notation for a state vector. We work with real and non-negative α and β, for simplicity, but more general cases can be treated similarly. For α = β,
We then obtain the relations (note that
and ψ|D 1 |ψ = ψ|D 2 |ψ = α 2 β 2 /(1 − αβ) with 0 < αβ ≤ 1/2.
Hardy then argues that [2] : i) The measured value of (20) for 0 < αβ < 1/2 (i.e., α = β) implies D 1 (ψ, λ) = D 2 (ψ, λ) = 1 for some λ ∈ Λ, which is based on the assumption that the non-contextual and local hiddenvariables model (local realism)
is valid for this combination. As for the notational convention, D 1 (ψ, λ), for example, stands for the eigenvalues of the projection operator D 1 , namely, 1 or 0, depending on the hidden-variables λ. We write the state ψ dependence explicitly such as in D 1 (ψ, λ) in conformity with the explicit d = 2 model to be discussed later; this ψ dependence is implicit in the notation such as D − (0, λ) of Section 2 which follows the notation of Hardy. This difference does not modify the conclusion.
ii) The assumption of the validity of the conditional probability
iii) Similarly, the assumption of the validity of the conditional probability
iv) The assumption
then implies that ψ|U 1 U 2 |ψ = 0, but this contradicts the prediction of quantum mechanics ψ|U 1 U 2 |ψ = 0 in (21) . This contradiction is commonly referred to as "Hardy's paradox". This analysis demonstrates, without referring to CHSH inequalities [3, 4] , that local realism (non-contextual and local hidden-variables model) cannot explain entanglement [2] .
To show the conflict with measurement-disturbance relations in the present model, we consider only the last three processes (ii), (iii) and (iv). The relation ψ|U 1 U 2 |ψ = 0 in (21) then implies
in the context of (25) . One can easily confirm that the three processes (ii), (iii) and (iv) are consistent in the sense of Hardy with emphasis on entanglement without the condition coming from (i). But one recognizes the following two new conditions from (ii), (iii) and (iv),
since the relation (26) shows that U 2 (ψ, λ) = 1 implies U 1 (ψ, λ) = 0, and similarly, U 1 (ψ, λ) = 1 implies U 2 (ψ, λ) = 0. The first relation of (27) implies a quantum mechanical relation ψ|D 1 U 1 D 1 |ψ / ψ|D 1 |ψ = 0 or equivalently,
if one definesŪ 1 ≡ 1 − U 1 . This prediction contradicts the quantum mechanical prediction
with 0 <c < 1 for α = β which is required in Hardy's analysis [2] . We thus recognize the conflict of local realism with measurement-disturbance relations without directly referring to the conflict with entanglement, although the correlations between two parties such as in (ii), (iii) and (iv) are the consequences of entanglement. It should be emphasized that we need to consider only two processes, (iii) and (iv), to recognize the conflict of local realism with quantum mechanics (paradox) instead of four required in the original scheme of Hardy. This is related to the simplified experimental test of the prediction of local realism in (11) in the previous section. The basic mechanism of this simplified test is clarified in the next section.
IV. CONDITIONAL MEASUREMENT
The examples of the violation of uncertainty relations we mentioned are related to the analysis of measurementdisturbance relations in conditional measurement. We thus start with a discussion of conditional measurement in the well-defined d = 2 hidden-variables model proposed by Bell [19, 22] , since the entire subject of Bell-CHSH inequalities started when Bell recognized this hidden-variables model in d = 2. To analyze the conditional measurement, we introduce some new notations. The probability measure associated with the projection operator A and the state |ψ is defined by
with the auxiliary quantity a ψ defined by a ψ = {λ ∈ Λ :
The quantity A ψ (λ) which depends on the hiddenvariables λ is also written as A(ψ, λ) in the present paper. The basic assumption in hidden variables models is that one can find A ψ (λ), which assumes the eigenvalues of the projector A, namely, 1 or 0, and a measure µ[a ψ ] to reproduce the quantum mechanical ψ|A|ψ for any A and |ψ . Bell's non-contextual hidden-variables model in d = 2 is defined by [19, 22] 
for the projection operator A ≡ P m = 1 2 (1 + m · σ) with a unit vector m and the Pauli matrix σ, and the initial pure state given by ρ = |ψ ψ| = 1 2 (1 + s · σ) with a unit vector s. This concrete construction of A ψ (λ), which assumes the eigenvalues of the projection operator A, 1 or 0, explicitly depends on the initial state ρ and the hidden-variable λ; following this explicit example, we write the state dependence explicitly as in A ψ (λ) in the present paper. It is then confirmed that
dλA ψ (λ) = ψ|A|ψ with a non-contextual weight factor dµ(λ) = dλ which is independent of A; in the present case, the weight happens to be uniform. A general hermitian operator O is treated by performing the spectral decomposition O = k µ k P k with orthogonal projectors P k . For example, a · σ = k µ k P k which justifies the use of dichotomic variables (±1) for a · σ. The quantum mechanical conditional probability of the measurement of a projector B after the measurement of a projector A is defined by [25, 26] 
for ψ|A|ψ = 0. One may evaluate P (B|A) by starting with the separate hidden-variables constructions of A and B. For non-commuting A and B, however,
where the left-hand side stands for a single positive operator while the right-hand side stands for a product of projectors. The classical conditional probability rule (as in non-contextual hidden-variables models) for noncommuting A and B is given by Bayes rule, namely, by the left-hand side of
The classical conditional probability rule may give rise to the quantum probability on the right-hand side for some specific case by choosing a clever representation such as A ψ (λ) and the weight dµ(λ), but not in general; one can confirm that the explicit example in Bell's model in (32) does not satisfy this condition, namely,
Also, it is shown that the relation (34), if imposed for all |ψ , implies commuting A and B [27] ; this conclusion is valid for any dimension d.
It is thus not surprising that hidden-variables models have a difficulty in describing conditional probability in general as we have recognized by analyzing Hardy's model. A salient feature of Hardy's model is that we can make a definite statement independent of detailed specifications of hidden-variables models.
The basic reason for the failure of classical conditional probability (34) is traced to the absence of reduction, namely, b ψ and a ψ are determined by the same state |ψ . It is instructive to re-examine the conditional probability P (U 2 |D 1 ) (first measure D 1 and then measure U 2 ) in Hardy's model from the point of view of conditional measurement. We start with (24) 
This classical probability rule, although the necessary condition [(D 1 ⊗ 1), (1 ⊗ U 2 )] = 0 for the relation (34) to be valid for any |ψ is satisfied, cannot describe entanglement since the measurement of the projector D 1 disturbs the state |ψ and thus the subsequent measurement of U 2 is determined by the modified state if the state |ψ is entangled; the above probability rule contains u 2ψ which is determined by the initial state |ψ and thus cannot incorporate the effects of entanglement and reduction in general. This analysis (36) is associated with Hardy's paradox in the following manner. One may write (21) as P (U 1 |U 2 ) = 0, namely,
which implies U 2 (ψ, λ) = 1 ⇒ U 1 (ψ, λ) = 0 with the same state |ψ in hidden-variables models. Similarly, the relation P (U 2 |D 1 ) = 1 in (24) (and in (36)) implies D 1 (ψ, λ) = 1 ⇒ U 2 (ψ, λ) = 1 in hidden-variables models. These two relations put together implies D 1 (ψ, λ) = 1 ⇒ U 1 (ψ, λ) = 0 with the same state |ψ , but this assigns definite eigenvalues to two non-commuting operators D 1 and U 1 for the same state |ψ simultaneously. This is a contradiction with quantum mechanics, which we have characterized by the expression (28) that violates the measurement-disturbance relation in (29) .
The essence of Hardy's model is that (24) and (25), to be precise (18) and (21), are two conditional measurements P (U 2 |D 1 ) = 1 and P (U 1 |U 2 ) = 0, which give rise to definite eigenvalues to two non-commuting D 1 and U 1 for α = β simultaneously in hidden-variables models (local realism); we have [D 1 , U 1 ] = 0 except maximally entangled states, which explains why Hardy's paradox does not appear for maximally entangled states.
V. CONCLUSION
It has been shown that the formulation of Hardy's paradox inevitably contains the violation of measurement-disturbance relations. Both of Hardy's paradox and the failure of measurement-disturbance relations we discussed arise from the absence of the notion of state reduction in non-contextual and local hidden-variables models (local realism). Hardy's paradox motivated many experimental works and it is currently actively discussed in the context of weak measurement, and the analysis of general aspects of measurement-disturbance is the main subject of weak measurement. It was emphasized that the analysis of the inconsistency of local realism with entanglement by Hardy is simplified if the breaking of measurementdisturbance relations is taken into account, and a much simplified test of the conflict of local realism with measurement-disturbance relations, which may be performed by weak measurement, is illustrated in the framework of Hardy's thought experiment. The basic mechanism of this simplified test was further clarified by a detailed analysis of conditional measurement by showing that the simplest hidden-variables model of Bell in d = 2 [19] , which has been believed to reproduce full quantum mechanics, already fails to describe conditional measurement.
In connection with uncertainty principle itself, it has been recognized recently that the characterization of Heisenberg's error-disturbance relation by inequalities is more involved than hitherto assumed [28] [29] [30] , although Heisenberg's idea of the measurement-disturbance of two non-commuting operators, as we utilized in the present paper, is believed to be valid. In view of these current developments in the fundamental aspects of quantum mechanics, our analysis of Hardy's paradox with emphasis on the conditional measurement and measurementdisturbance should be relevant. Hardy's paradox is resolved for the maximally entangled state, for which specific operators in his model become commuting and thus the difficulty associated with measurement-disturbance relations disappears.
It should be useful to keep the intimate interplay of entanglement and measurement-disturbance in mind when one appreciates past experiments [5] - [13] and contemplates further experimental tests of Hardy's paradox, in particular, in connection with weak measurement.
